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The X(3872) is the first and the most interesting one amongst the abundant XY Z states. Its
mass coincides exactly with the D0D¯∗0 threshold with an uncertainty of 180 keV. Precise knowledge
of its mass is crucial to understand the X(3872). However, whether it is above or below the D0D¯∗0
threshold is still unknown. We propose a completely new method to measure the X(3872) mass
precisely by measuring the X(3872)γ line shape between 4010 and 4020 MeV, which is strongly
sensitive to the X(3872) mass relative to the D0D¯∗0 threshold due to a triangle singularity. This
method can be applied to experiments which produce copious D∗0D¯∗0 pairs, such as electron-
positron, proton-antiproton and other experiments, and may lead to much more precise knowledge
of the X(3872) mass.
Introduction.—One of the current mysteries in the
physics of the strong interaction is how the plethora of
the so-called XY Z states can be understood. They cor-
respond to tens of structures in the heavy-quarkonium
mass region reported in various experiments with prop-
erties beyond the standard heavy quarkonia (for reviews,
we refer to Refs. [1–13]). The start of the whole story
is the X(3872) discovered by the Belle Collaboration in
2003 [14]. Its most salient property is that the mass co-
incides exactly with the D0D¯∗0 threshold. Taking the
“OUR AVERAGE” values in the 2018 version of the Re-
view of Particle Physics [15] for the masses: mD0 =
(1864.84 ± 0.05) MeV, mD∗0 = (2006.85 ± 0.05) MeV,
and mX = (3871.69±0.17) MeV from the J/ψpi+pi− and
J/ψω modes, one gets
δ ≡ mD0 +mD∗0 −mX(3872) = (0.00± 0.18) MeV . (1)
This, together with the large branching fraction of the
X(3872) into D0D¯∗0 [15] (throughout the Letter, we
use D0D¯∗0 to represent the positive C-parity combina-
tion of D0D¯∗0 and D∗0D¯0), indicates the paramount
role of the D0D¯∗0 in the X(3872) dynamics. The quan-
tum numbers of the X(3872) have been measured to be
JPC = 1++ [16]. The properties and calculations in the
hadronic molecular scenario have been nicely reviewed in
Ref. [17]. Precise information of δ and the width of the
X(3872) are crucial in understanding the X(3872) (see,
e.g., Refs. [18, 19]). There is only an upper limit on its
width as ΓX(3872) < 1.2 MeV at a 90% confidence level,
and experimental efforts are going on towards measuring
the width precisely [20]. Despite the precise measure-
ments of the masses of the X(3872), D0 and D∗0, we
still do not know whether the X(3872) mass is above or
below the D0D¯∗0 threshold. In this Letter, we propose
a novel method for measuring the mass of the X(3872)
relative to the D0D¯∗0 threshold, i.e., δ, with a high pre-
cision.
Triangle singularity.—The starting point is to produce
the X(3872) and a photon from a short-distance D∗0D¯∗0
source produced in some reactions (here short distance
means that the energy scale for producing the D∗0D¯∗0
pair is much larger than the one in the subsequent reac-
tion producing X(3872)γ, so that the D∗0D¯∗0 pair can
be treated as a pointlike source), as shown in Fig. 1.
The S-wave D∗0D¯∗0 pair can have quantum numbers
JPC = (0++, 1+−, 2++), and one possibility is from the
Zc(4020) decays as studied in Ref. [21]. The key observa-
tion in this Letter is to make use of the strong sensitivity
of the X(3872)γ line shape to the X(3872) mass around
the D∗0D¯∗0 threshold to determine the value of δ. The
sensitivity is caused by a triangle singularity close to the
physical region, which will be discussed below.
Triangle singularity is the leading Landau singular-
ity [22] for a triangle diagram. It is in the physical region
if all the intermediate particles can go on shell and all the
interaction vertices satisfy the energy-momentum con-
servation, known as the Coleman-Norton theorem [23].
Being a logarithmic branch point, the triangle singular-
ity would produce an infrared divergence in the reaction
rate were it really in the physical region. This does never
happen because at least one of the three particles must
be unstable as a consequence of being on shell (so that
it can decay into another intermediate particle and some
external particles). As a result, the finite widths of the
intermediate particles move the singularity into the com-
plex energy plane, giving rise to a finite peak. The shape
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FIG. 1. The mechanism for producing γX(3872) from
D∗0D¯∗0 through a triangle diagram. The filled circle rep-
resents a short-distance source for the D∗0D¯∗0 pair.
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2of the peak depends crucially on the location of the sin-
gularity, which is sensitive to the masses of the involved
particles. For more details about the triangle singularity,
we refer to Refs. [24–27]. There have been lots of discus-
sions about the triangle singularity in hadronic reactions
since the 1960s. Its relevance to some of the recently re-
ported resonant structures have been briefly reviewed in
Refs. [7, 28].
For the D∗0D¯∗0 pair in an S wave, because the
X(3872) couples to the D0D¯∗0 also in an S wave, the
production amplitude of the X(3872)γ for the mecha-
nism in Fig. 1 is proportional to the scalar three-point
loop integral. For the X(3872)γ invariant mass to be in
the vicinity of the D∗0D¯∗0 threshold (i.e., between about
4.01 and 4.02 GeV), the typical velocity of all the involved
intermediate charmed mesons is smaller than 0.01 in the
X(3872)γ center-of-mass frame. Thus, one can use non-
relativistic effective field theory (for a review, see Ref. [7])
to study this problem with tiny theoretical uncertainties.
The nonrelativistic form of the scalar loop integral in the
X(3872)γ center-of-mass frame is given by [29]
I(EXγ) =
1
Eγ
[
arctan
(
c2 − c1
2b
√
c1
)
+ arctan
(
c1 − c2 + 2b2
2b
√
c2 − b2
)]
, (2)
where Eγ = (E
2
Xγ − m2X)/(2EXγ) is the photon en-
ergy, EXγ is the invariant mass of the X(3872)γ sys-
tem, b = m∗Eγ/(m0 +m∗), c1 = m∗(2m∗ −EXγ − iΓ∗),
and c2 = µ∗0
[
2(m∗ +m0 + Eγ − EXγ) + E2γ/m0 − iΓ∗
]
.
Here, mX , m∗ and m0 are the masses of the X(3872), the
D∗0 and the D0, respectively, µ∗0 = m∗m0/(m∗ + m0)
is the reduced mass of D0 and D∗0, and Γ∗ is the D∗0
width (here it is sufficient to use a constant width [30]).
The function has been adapted to the question at hand
from the expression worked out in Ref. [29]. An overall
multiplicative constant factor has been dropped since it
does not have any impact on the line shape.
This function has logarithmic singularities at the solu-
tions of
(c2 − c1)2 + 4b2c1 = 0 , (3)
which is the nonrelativistic version [31] of the Landau
equation [22] for the triangle singularity. Among all the
solutions, only one of them can be close to the physical
region, and we refer to Ref. [32] for further discussions.
Applying to the case here, one finds that the relevant
triangle singularity is located at
ETSXγ = 2m∗ +
x2
4m0
+O
(
x3
m20
)
, (4)
where x = m∗ − m0 − 2
√−m0δ + δ. Because the D0
decays only weakly, and the D∗0 has a tiny decay width
(given below), the triangle singularity is located in the
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FIG. 2. The X(3872)γ line shapes in the region around the
D∗0D¯∗0 threshold. The solid black curve corresponds to δ =
0 keV; the purple and blue dashed curves correspond to δ =
180 and −180 keV, respectively; the red and green dotted
curves correspond to δ = 50 and −50 keV, respectively.
vicinity of the physical region, providing an enhancement
to the production rate, and has a dramatic impact on the
X(3872)γ line shape.
So far there is only an upper limit for the D∗0 width, <
2.1 MeV [15]. However, the width of the charged D∗± is
known to a percent level, ΓD∗± = 83.4±1.8 keV [15], and
isospin symmetry allows us to relate the partial widths
of the hadronic decays D∗0 → D0pi0 and D∗± → D0pi±.
Using further the branching fractions of these two decays,
which are (64.7±0.9)% and (67.7±0.5)%, we get the D∗0
width,
Γ∗ = 55.3± 1.4 keV , (5)
which agrees almost exactly with the result in Ref. [33].
The line shape for the X(3872)γ produced in this mech-
anism is given by
F (EXγ) =
|I(EXγ)|2
|I(2m∗)|2
E3γ
[(4m2∗ −m2X)/(4m∗)]3
, (6)
which has been normalized to unity at the D∗0D¯∗0
threshold. In order to clearly show the sensitivity of the
line shape to the mass of the X(3872), in Fig. 2 we plot
the normalized line shape for five values of δ ranging from
−180 keV to 180 keV. The central values of the D∗0, D0
masses and Γ∗ in Eq. (5) are used.
At the D∗0D¯∗0 threshold, a cusp is evident which is
slightly smeared by the D∗0 width. Below the cusp, dif-
ferent curves almost overlap with each another. How-
ever, they behave distinctly above the threshold, as can
be clearly seen from Fig. 2. The reason is as follows.
Neglecting the D∗0 width, from Eq. (4), one finds that
for positive δ (mX < m0 + m∗) the singularity is in the
complex plane, while for δ ≤ 0 keV (mX ≥ m0 + m∗)
the singularity moves to the physical region, producing
3a logarithmic divergence. The finite D∗0 width moves
the singularity in all cases to the complex plane, which
is however still close to the physical region. The peak-
ing energy in each curve corresponds to the real part of
the singularity position, and the peak is sharper for a
smaller imaginary part. For instance, using Eq. (4) one
is ready to find that for δ = −180 keV the singularity is
at (4015.2− i 0.1) MeV, for δ = −50 keV the singularity
is at (4015.7−i 0.2) MeV, and for δ = 0 keV the singular-
ity moves to (4016.0− i 0.4) MeV. These singularities are
responsible for the peaks above the D∗0D¯∗0 threshold.
Sensitivity study.—The sensitivity of the line shape on
the X(3872) mass offers a portal to measure the X(3872)
mass indirectly. In order to make a more quantitative
statement of the sensitivity, we make a simple Monte
Carlo (MC) simulation. First, we generate synthetic data
by employing the von Neumann rejection method to se-
lect the random data points that follow the normalized
distribution of Eq. (6) for EXγ in the range from 4010 to
4020 MeV. The MC data are generated using the central
values of the D∗0, D0 masses and Γ∗ for three differ-
ent values of δ: −50 keV, 0 keV and 50 keV. For each
data set, the data can then be divided into a number
of bins with the statistical errors given by the square
root of the number of events in each bin. The value of
δ can be extracted from fitting to these synthetic data
using Eq. (6). Varying the MC event numbers and the
bin widths, one can investigate the impact of the event
number as well as the bin width on the precision of the
so-extracted X(3872) mass.
As examples, we generated different data sets (A, B,
and C) using the input value δin = −50 keV, 0 keV and
50 keV. The event numbers in data set C are about 5
times those in data set B, which are again about 5 times
those in data set A. The event numbers in each data set
are given in Table I. The synthetic events in each data
set for each δin are divided into ten bins and five bins,
respectively. The fitting results for data set B, together
with the synthetic data, are shown in Fig. 3, and the ex-
tracted δ values from all data sets are collected in Table I.
The first observation is that with a few hundred events
in this energy region, one can achieve a precision much
higher than the current one (±180 keV). With about
600 events for the input δ = −50 keV and about 1000
events for δ = 50 keV, one is ready to know the sign of δ,
i.e., whether the X(3872) is above or below the D0D¯∗0
threshold, with a confidence level larger than 95%. An-
other important point is that the precision changes only
marginally with a bin size of 2 MeV compared with that
with a bin size of 1 MeV, in particular for negative δin
which produces a more pronounced peak. The reason is
that the locations of both the D∗0D¯∗0 threshold cusp
and the triangle singularity are fixed once all the in-
volved masses are known, and the line shape is largely
determined by them. Such a weak sensitivity to bin sizes
in the case of using the threshold cusp to extract the
pipi scattering length has been noticed in Ref. [34]. It is
worthwhile to mention that the precision does not depend
on the uncertainties of the D∗0 and D0 masses. This is
because it is the mass difference δ that enters into the
game.
Conclusion.—In this Letter, a novel method to mea-
sure the X(3872) mass precisely is proposed. This is
an indirect method in the sense that it does not involve
measuring the line shape of the X(3872), but involves
measuring the line shape of the X(3872)γ pair. This
method requires the X(3872)γ to be produced from a
short-distance D∗0D¯∗0 source. The S-wave D∗0D¯∗0 pair
can have quantum numbers of JPC = (0++, 1+−, 2++).
The X(3872) needs be reconstructed in modes other than
the D0D¯0pi0, which include the J/ψpi+pi−, J/ψpi+pi−pi0,
J/ψγ and ψ′γ. Otherwise, one needs to take into
account the interference between the triangle diagram
with the contribution of D∗0D¯∗0 → γD0D¯0pi0 without
the X(3872) in the intermediate state. The method
can be applied at electron-position facilities such as
BES-III and possible future super charm-tau facilities,
where the X(3872)γ pair needs to be produced associ-
ated with another positive C-parity neutral meson, e.g.,
e+e− → D∗0D¯∗0pi0 → pi0X(3872)γ. This can also be
applied to proton-antiproton reactions at PANDA at en-
ergies around theD∗0D¯∗0 threshold, which is particularly
promising. If the event number in an exclusive reaction is
not enough, one may even try to measure the X(3872)γ
line shape inclusively, as other mechanisms provide only a
smooth background without a nearby singularity. Even if
the experimental events contain another nontrivial struc-
ture in a nearby energy region, such as the Zc(4020), the
formalism can be adapted to take that into account.
At last, let me emphasize again that the proposed
method measures directly the difference between the
X(3872) mass and the D0D¯∗0 threshold, and the mea-
surement depends little on the uncertainties of the D∗0
and D0 masses, which are 50 keV for both. Therefore,
it can lead to a much more precise measurement of δ
than the usual method of measuring the X(3872) line
shape. An improved measurement of the X(3872) mass
is foreseen, and it will be an important step towards a
deeper understanding of the nature of the X(3872), and
eventually of other related XY Z states.
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4TABLE I. Results on δ (in units of keV) from fitting to the synthetic data sets generated using three different input values of
δin : −50 keV, 0 keV, and 50 keV.
Data set A δin = −50 keV (127 events) δin = 0 keV (164 events) δin = 50 keV (192 events)
10 bins −24+24−28 11+31−20 22+41−23
5 bins −17+24−27 30+64−29 40+67−31
Data set B δin = −50 keV (626 events) δin = 0 keV (831 events) δin = 50 keV (1006 events)
10 bins −47+13−16 −1+13−11 63+34−24
5 bins −48+15−19 −4+11−10 53+38−25
Data set C δin = −50 keV (3133 events) δin = 0 keV (4027 events) δin = 50 keV (5015 events)
10 bins −53+7−8 −2± 5 55+13−11
5 bins −52+7−8 −2+7−6 61+17−14
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FIG. 3. The synthetic data set B generated using δin = −50 keV (left), δin = 0 keV (middle), and δin = 50 keV (right) and the
corresponding best fits. In the upper and lower panels, the events are divided into ten and five bins, respectively. The bands
are the 1σ uncertainty region from fitting.
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